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Lemma 0.1 (for Exercise 1). Let z,w € R% Then z-w > 0 if and only if the angle between

z,w 1s less than 3.

Proof. We have the equality z - w = ||z]|||w|| cos@ where € is the angle between z,w and
6 € [0,7]. We know that |z||,||w|| > 0, s0o z-w > 0 <= cosf > 0. For § € [0,7],
cos >0 < 0> 7. O

Note: In the following, part (b) is Exercise 1.4.2 from the textbook.

Proposition 0.2 (Exercise 1). Let 21,29 € C and think of them as vectors in the plane.
1. If Z125 is real, then zq, zo are collinear.
2. If Z1z5 is real and positive, then z1, zo are positive multiples of each other.
3. If Z1z9 is imaginary, then zy, zo are perpendicular.

Proof. First we prove (1). Let 2z = x1 +iy; and zo = x5 + iy2. Then
Z1z2 = (21 — iy1) (22 + iY2) = (2122 + Y1y2) + i(T1Y2 — Y172)

If Z1 25 is real, then x1ys — y122 = 0 S0 x1y2 = y1x2. Now we consider three cases: (i) o = 0,
(ii) yo = 0 and x5 # 0, and (iii) 9 # 0 and y, # 0.

In case (i), xo = 0, S0 2 is purely imaginary, and one of x; or y; must be zero. If yo = 0,
then z, = 0 so every z; is collinear with it. If 1 = 0, then z; is also purely imaginary, so
21, 7 are collinear. In case (ii), yo = 0 and x5 # 0, so y; = 0. Then both 2z, z5 are real, so
they are collinear. In case (iii), we can divide the equation by x5 and y, to get

Iy Y Y1 L1 Y1

xT1 = —T2 Y= —Y2 = —Y2
Lo Yo Y2 T2 Y2

—un

Now we prove (2). géQuppose that Z; 2 is real and positive. By part (1), 21, 23 are collinear.
Notice that ReZziz9 = 21 - 29. Thus by the previous lemma, the angle between 2z, 25 is less
than 7, z1, 20 must point in the same direction. Hence they are positive multiples of each
other. Finally, we prove (3). If ReZ129 = 0, then z; - 25 = 0, s0 21, 29 are perpedicular. [

|

Then 2y = 1 + 1 To + 1Ly, = L2y so they are collinear.
1 1 1 2 T 15, o 22
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Proposition 0.3 (Exercise 1.7.2). Let z1, 2o, 23 be points in the complex plane, with z; # z.
Then the distance from z3 to the line determined by z; and zo is

1

m|21(§2 — 53) + 22(53 — 51) =+ 2’3(51 — 22)|

In particular, the points z1, z3, z3 are collinear if and only if z1(Zo —Z3) + 22(Z3+Z1) + 23(Z1 —
EQ) - 0

Proof. We can apply the isometry z — 2z — 21, so we can replace assume z; = 0 without
loss of generality. Then we apply another isometry, rotation clockwise by arg z,, so we can
also assume without loss of generality that z; is on the positive real axis. Now, the line
through the points 21, 25 is the real axis, and the distance from 23 to this line is Im z3. After
substituting z; = 0 and Zy = 29 we get

1 1

|21(Z2 — Z3) + 22(Z3 — Z1) + 23(Z1 — Z2)| = 57— 2273 — 2329]

2|2’2 — Zl‘ 2|2’2|

N R U 5] = 2| — 2igs| = | — igs| =1
= —29|Z3 — 23| = =|Z3 — 23| = =|v3 — iy — w3 —iy3| = =| — 2iys3| = | —iy3] = Im 2
2% 2|23 3 o1%3 3 o I3 Ys 3 W3 9 Y3 Ys 3
Thus the quantity claimed is equal to the distance from z3 to the line determined by z; and
Z9.

(Proof of “In particular...”) If the distance is zero, then

1

m[zl (22—53)—|—22(33—21)4-2’3(51—52)| =0 —= Z1 (32—23)+Zg(§3+21)+23(31—52) =0
2 — 21

Conversely, if z1(Z2 — Z3) + 22(Z3 + Z1) + 23(Z1 — Z2) = 0, then the distance, given by

mpl(@ — Z3) + 22(Z3 — Z1) + 23(Z1 — Z2)|, is zero. O

Lemma 0.4 (for Exercise 1.9.2). Let a,b € C be nonzero. Then arga = 2argb <= ab® is
real and positive.

Proof. Suppose that arga = 2argb. Let b = ry(cos0 +isinf), so a = r,(cos 20 + i sin 26) for
some 74,7, 0 € R with r,, 7, > 0. Then using De Moivre’s formula and expanding, we get

ab® = 7,(cos 20 — i sin 20)77(cos 6 + isin 0)?
= r,ri(cos 20 — isin 20)(cos 260 + i sin 26)
= 1,1y ((cos26)* + (sin 26)?)

= rar,?

Hence ab? is the positive real number r,r2. Now suppose that ab* is real and positive. Write
a and b as a = r,(cosf, + isinf,) and b = ry(cosb, + isinby,) for r,,1,0,,0, € R with
rq,7p > 0. Then

ab® = 14(cos 0, — isin6,)r:(cos 26, + i sin 20;)

= 1,1y ((cos 0, cos 20, + sin 0, sin 26;) + i(cos 0, sin 20, — sin 6, cos 26,))



By hypothesis, ab? is real, so
cos b, sin 26, — sinf, cos 20, = 0 — cos b, sin 26, = sin 0, cos 20,
First suppose that both sides of this equality are zero. Then there are four cases: (1) cosf, =
sinf, = 0, (2) cosf, = cos20, = 0, (3), sin26, = sinf, = 0, and (4) sin 20, = cos 26, = 0.
Case (1) implies that a = 0 and case (4) implies b = 0, which contradicts they hypothesis
that ab? > 0, so we rule out (1) and (4). In case (2), both a and b* must be purely imaginary,
that is, @ = ai and b? = i for some «, 3 € R. Then
ab® = —aifi = af >0

so a, 3 > 0. Thus both a,b? lie on the positive imaginary axis, so arga = 5 and argb = 7,

so arga = 2argb. In case (3), both a and b must be purely real, and we have
b*>0andab’ =ab®* >0 = a >0

Since b* is real, argb € {0,271}, so 2argh = 0 = arga. This concludes our consideration of
the above four cases. Now assuming cos 6, # 0 and cos 26, # 0, we can rewrite the equation

cos 6, sin 26, = sin 0, cos 26,

as

sind, _sin 20,

= — tan6, = tan 260
cosf, cos26, an an =t

On the interval (—%, g), the tangent function is injective, so 6, = 26, mod 27. That is,
arga = 2argb. O]

Lemma 0.5 (for Exericse 1.9.2). Let z,w € C. Then
zw+ 2w =2(RezRew + Im zImw) € R
Proof. Let z = x 4+ iy and w = u + iv. The proof is simply a calculation:

Zw + 2w = (x —iy)(u + ) + (z + iy)(u — ) = 2(uz + vy)

Proposition 0.6 (Exercise 1.9.2). Let 21, z3, 23 be distinct points on the unit circle. Then

Z3 — Z1

<1
arg — = 2arg
) 23 — 22

Proof. Let a = z—; and b = % Then

N 2 .2 2 = .2 = 2=

ar - (& w2\ _ z1(25 — 22321 + 27) _ iz — 2232121 + 2171
Z9 Z3 — Z9 22(2% — 2232’2 + 222) Z%EQ — 22’32232 + 2322

. 21232) — 2Z3|21|2 + 21|21’2 . 51232) — 223 + 21 . Elzg — 22’3 + 21 (Eg)

7922 — 223|2|? + 22|22 Z22? — 223+ 20 722 — 223+ 2

Z3

2321 + 2123 — 2 2321 + Z123 — 2 Re 2321 — 2

2322 + 2923 — 2 2379 + Zozg — 2 Re 2329 — 2



By the above lemma
23721+ 2123 € R and 23275 + 2023 € R

so ab? € R provided the denominator is nonzero. In addition, 237, 23Z lie on the unit circle,
SO

Re(z;ﬁl) = 2371 +Ysy1 < 1+1=2
Re(23%2) = w300 + ysyp <1+ 1 =2
Thus Re 23z —2 < 0 and Re 232, — 2 < 0, so

. Re 2331 -2

ab? >0

N Re 2322 -2
Thus arga = 2 arghb. O]

Proposition 0.7 (Exercise 1.11.1). The cube roots of i are

V3 1. V3 1 .
o Ty Tty T
Proof. We have i = 1(cos(m/2) +isin(m/2)). Apply the formula in the book: The cube roots
of 7 are - -
)5 ((cos (TL2E2TRY L (TL2E 27
3 3
for k=0,1,2. O]

Proposition 0.8 (Exercise [.11.4). The sum of the nth roots of 1 equals zero for n > 2.

Proof. Let A = cos (%’T) +isin (%’r) be the primitive nth root of 1. (Note: n > 2 = X #0.)
Then the nth roots of 1 are X\, A2, \3,...,\"*. Using the formula for the sum of a finite
geometric progression,

1—=A\"
1—A
Since A" = 1, we have 1 — A" = 0 so the sum is zero. O

A+ AN+ N =

Proposition 0.9 (Exercise 1.11.5, first identity). Let w be an n-th root of 1 with w # 1.
Then for n > 2,

ka’“*l:1+2w+3w2+...+nw”*1:

w—1
k=1

Proof. Let w be an n-th root of 1 with w # 1 and n > 2. First we separate out a sum
1+w+w?+...+w" !, which by Exercise 1.11.4 is zero.

n n

Zn: kw1 = Z (W' + (k= D) = zn:wk_l + zn:(k: — D" = Z(k — Dw*?

k=1 k=1



Now we shift indices by (k — 1) — k. After shifting indices, the £ = 0 term is zero, so we
can change the lowest index from zero to 1. Finally, we factor out a w.

n n—1 n—1 n—1

Z(k — Dt = Z kw® = Z kw® = w Z kwh =1

k=1 k=0 k=1 k=1

Combining the work of the two previous strings of equalities, we get an identity to reduce
the top index of the sum we want to consider.

n—1 n
E kwt ! = w™! E fwh
k=1 k=1

Now we pull off the nth term and use our above identity.

n

n n—1
E kw ! = nw™ !t + E kwb ! = nw 4 w! E kwk !
k=1 k=1

Partially solving for our sum, we get

n

(1 - w’l) Z kw* ™t = nw™ !

k=1
Thus
zn: P nw™ ! nw™ (w) nw" n
w = = J— — —
l—w?t 1—w'!1\w w—1 w-—1

k=1

]

Proposition 0.10 (Exercise 1.11.5, second identity). Let w be an n-th root of 1 with w # 1.
Then for n > 2,
= n? 2n

Pt =1+ 4w+ 9w + ... +n*w" ! = —
kz:; w + 4w + Yw*® + + n w w1 (w—1)2

Proof. Let w be an n-th root of 1 with w # 1 and n > 2. First we separate out terms
1+ w+ w?+ ...+ w" !, which is zero by Exercise [.11.4. Then we factor k> — 1 as a
difference of squares.

n

2”: rwrt = Zn:wkl + Zn:(kZ — Dt = Z(k —1)(k+ Duw*!
k=1 k=1 k=1

k=1

Now we change indices (k— 1) — k, and notice that the & = 0 term is zero, so we can change
the lower index back to 1.

n n—1 n—1 n—1 n—1
S (k=D +Duw = k(k+ 2wt =) (K + 28wt =) Kwb +2)  kwt
k=1 k=0 k=1 k=1 k=1



Now we apply the first identity, proved above, using the equality 22;11 kwh = S0 kwk!
proved en route to the first identity.

n—1 n—1 n—1 n n—1
S S SR S OO P
k=1 k=1 1 —1 P w—1

Combining our work up to this point and rearranging terms, we have

n—1 n—1 n
—2n
w § k_kafl — E kak =" 4 § kakfl
k=1 k=1 w—1 k=1

Dividing through by w gives

n—1 n n
—2n —2n

2 kak_l — (w—l) + E k,Z,wk—l — + w—l E k,Zwk—l
w—1 — w(w — 1) —

k=1

Now we return to working with our original sum. We split off the n-th term, and apply our
formula above.

n n—1 n
2n
Z K2wh1 = 2t 1 Z E2k1 = p2nt — 4wt Z L2k 1
Py — w(w —1) =
Partially solving for our sum, we get

(1 . w_l) Z 2Rl — 2t —
k=1

2n
w(w —1)

And then dividing through by (1 —w™!) we get

Zn:k:Q by nfwtt 2n n?w"! <w> 2n
w = —_ = —_ _——
p l—w?t ww-1)1-w't) 1—w'l\w (w—1)2

n2w™ 2n n? 2n

Tw—1 (w—12 w-1 (w—1)?

which is exactly the identity we wanted to show. O]

Proposition 0.11 (Exercise 11.6.3, not assigned, but used in Exercise 11.8.1). In polar
coordinates, the Cauchy-Riemann equations are

ou Ov ou ov

"or —o0 96 or

Proposition 0.12 (Exercise 11.8.1). Let f be holomorphic on an open disk D. If any of the
following hold in D, then f is constant in D.

1. =0



2. f is real-valued
3. |f| is constant
4. arg f s constant
Proof. Throughout, let f(z) = f(x+iy) = u(x, y)+iv(z,y), and all statement are interpreted

Min D”'
(1) Suppose f’ = 0. Then by the Cauchy-Riemann equations, g—g = % = % = g—z =0,

so by the analogous result in real variables, u and v are constant. Hence f is constant.

(2) Suppose f isareal—\;alued in D, that is, v =0, so % = g—; = 0. Then by the Cauchy-

Riemann equations §* = oy = 0, so v and v are constant, so f is constant.

(3) Suppose |f| is constant. Then
flx+iy) =r(x,y) ( cosO(z,y) +isinf(z, y))
where r(x,y) = |f| = ro for some constant o € R, so
u(z,y) = rocosf(x,y) v(x,y) =rosinfd(z,y)
Then

ou_ov_
or  or
So by the polar form of the Cauchy-Riemann equations (Exercise 11.6.3),
v _ou_,
o0 00

That is, v and v do not depend on #. Since they depend neither on r nor 6, they must be
constant. Thus f is constant.
(4) Suppose arg f is constant. Then

f(z+iy) =r(z,y)(cosb(z,y) + isinf(z, y))

where 0(x,y) = arg f = 6, for some constant 6y € R, so

U(l’,y) = T<$7y) COS&O U([L’,y) - T(Z’,y) Sin90
Then
ou Ov 0
o0 06
So by the polar form of the Cauchy-Riemann equations (Exercise 11.6.3), for all » we have
0
ra—:f =rcosty =0
0
—ra—: = —rsinfy =0
For any 6y € R, cosf, and sin f, are never zero at the same time, so we must have r = 0
everywhere. Thus f(z) = 0 for all z, so f is constant. O
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Lemma 0.13 (for Exercise 11.8.2). Let f be a function defined on an open set G C C and
z0 € G, and suppose that the limit

lim f(2)

Z—20

exists and is equal to L. Then the limit
lim f(2)
Z—20
exists and is equal to L.

Proof. Let € > 0. By hypothesis, there exists § > 0 so that

|z — 20| <0 = |f(2) — L| <e

Since |z — 29| = |z — 20| = |Z — Zo|, we have |z — 2| < § <= |Z —Zp| < J. Thus
Z—Zo| <6 = |f(z)—L|<e

so the limit

lim f(z)

Z—7Z20

exists and is equal to L. O

Lemma 0.14 (for Exercise 11.8.2). Let f be a function defined on an open set G C C and
z0 € G, and suppose that the limit
lim f(2)

Z—r20

exists and is equal to L. Then the limit

lim f(z)
Z—20

exists and and is equal to L.

Proof. Let € > 0. By hypothesis, there exists 6 > 0 such that

|z — 20| <0 = |f(z) —L| <e

Since |f(z) — L| = |f(2) — L| = |f(2) — L|, we also have
|z — 2| <6 = |f(2) —L| <c¢
Thus the claimed limit exists and is equal to L. O

Proposition 0.15 (Exercise 11.8.2). Let f be holomorphic in the open set G. Then g(z) =
f(Z) is holomorphic in G* = {Z : z € G}. In particular, for zy € G*,

9'(20) = f'(Zo)




Proof. Let zg € G*, so Zp € G. Since f is differentiable at Zg, the limit

exists and is equal to f'(Zp). Then by Lemma 0.13,
o )~ £G0)

z2—20 Z— 2

= f'(Zo)
Using basic properties of the complex conjugate, we can rewrite our difference quotient as

f(Z) = f(o) _ 9(z) —g(20) _ 9(2) — g(z0) _ (9(2) —9(20))

- zZ— 20

-

0 2 =20

nEEs)

exists and has value f'(Zp). So by Lemma 0.14,

mﬂ<ﬂﬁ;ﬁgg) S TEn 9(2) — g(z0)

|

|
N
|

0

Thus the limit

) =T = i BT =)

z—20 220 Z— 20

Thus g is differentiable at zy, with ¢’(z9) = f’(Zo). Thus g is holomorphic on G*. O

Proposition 0.16 (Exercise [1.16.1). The function u(z,y) = ax® + bx’y + cxy? + dy? is
harmonic ¢ = —3a and b = —3d. When u is harmonic, its harmonic conjugate is

3

v(x,y) = dz® — cx’y + by — ay®

Proof. If u is harmonic, then

0*u 0*u
— *6ax+2by:—a—y2

e = —6dy — 2cx = 6a = —2c and 20 = —6d
T

Thus ¢ = —3a and b = —3d. Conversely, for any a,d € R, if we set ¢ = —3a and b = —3d,
then u is harmonic, by the same calculation above. A harmonic conjugate v for u satisfies

0 1
a—v = 3ax’® + 2bry + cy® = v = 3ax’y + bxy® + gcy3 + C(z)
Y

ov

1
e —bx? — 2cxy — 3dy? = v = —gbxg — cx*y — 3bxy + D(y)
x

Since ¢ = —3a andd b = —3d by assumption,

v(x,y) = dz® — cx’y + bay® — ay®



Proposition 0.17 (Exercise 11.16.8). If u is a real-valued harmonic function, then the func-

tion % 1s holomorphic.

Proof. Let u : R? — R be harmonic. Then define f : C — C by f(z + iy) = g—g(x, Y).

f_ou_ (o ou
0z 2\ 0z Z@y

Then using the fact that mixed partials are equal,

Q
fg

Q
Y]]
I e N g B NN I e NN

0,0\ 0 o
ox Z(?y 2 \0r Oy

(
(
(gau 0 du 0 0u aau>
(

9r0z  '9z0y | 'Oydr 0y 0y
0%u w 0%u y 0%u N 0%u
ox?  Oxdy  Oydx  0y?

Pu o
ox?  Oy?

which is zero since u is harmonic. Thus % =0, so f is holomorphic. O
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